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Abstract 

We study the symmetries of generalized spacetimes and correspond- 
ing phase spaces defined by Jordan algebras of degree three. The 
generic Jordan family of formally real Jordan algebras of degree three 
describe extensions of the Minkowskian spacetimes by an extra "dila- 
tonic" coordinate, whose rotation, Lorentz and conformal groups are 
SO(d- 1), SO(d- 1, 1) X S0(1, 1) and SO(d, 2) x S0(2, 1), respectively. 
The generalized spacetimes described by simple Jordan algebras of de- 
gree three correspond to extensions of Minkowskian spacetimes in the 
critical dimensions {d = 3, 4, 6, 10) by a dilatonic and extra (2, 4, 8, 16) 
commuting spinorial coordinates, respectively. Their rotation, Lorentz 
and conformal groups are those that occur in the first three rows of the 
Magic Square. The Freudenthal triple systems defined over these Jor- 
dan algebras describe conformally covariant phase spaces. Following 
|hep- th/0008063 we give a unified geometric realization of the quasi- 
conformal groups that act on their conformal phase spaces extended by 
an extra "cocycle" coordinate. For the generic Jordan family the qua- 
siconformal groups are S0{d+2, 4), whose minimal unitary realizations 
are given. The minimal unitary representations of the quasiconformal 
groups F4(4), E6(2), E7(_5) a nd Es(_24) of the simple Jordan family 



were given in our earlier work hep-th /04092 72| 
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1 Introduction 



One can define generalized space-times coordinatized by Jordan algebras J, 
in such a way that their rotation, Lorentz, and conformal groups can be iden- 
tified with the automorphism, reduced structure, and the linear fractional 
groups of of the corresponding Jordan algebras J, respectively 0121 El ID- 
The main requirements for formulating relativistic quantum field theories 
over four dimensional Minkowski spacetime extend naturally to the gener- 
alized space times defined by formally real Jordan algebras. For example, 
the well-known connection between the positive energy unitary represen- 
tations of the four dimensional conformal group SU(2, 2) and the covariant 
fields transforming in finite dimensional representations of the Lorentz group 
SL(2, C) Oini extends to all generalized space-times defined by formally real 
Jordan algebras 

Except for G2,F4 and Eg, certain noncompact real forms of all simple 
groups arise as conformal groups of formally real Jordan algebras. The 
corresponding real forms are precisely the ones that admit positive energy 
unitary representations. These conformal groups act geometrically on the 
corresponding Jordan algebras via fractional linear transformations jHl. In 
particular, the exceptional group Ey acts as the conformal group of the 
exceptional Jordan algebrapQ. For the real exceptional Jordan algebra 
over the division algebra of real octonions the conformal group is E7(_25), 
which admits positive energy unitary representations. 

Motivated by possible applications to the U-duality groups of maximal 
supergravity and M-theory, the first geometric realization of Eg(g) was given 
in jn]. This geometric realization of E8(g) on a 57 dimensional space was 
called quasiconformal since it leaves invariant a suitably defined light cone 
with respect to a quartic norm. This construction of Eg(g) together with the 
corresponding construction of Eg(_24) 10,_ contain all previous geometric re- 
alizations of the symmetries of generalized space-times based on exceptional 
Lie groups, and at the same time goes beyond the framework of Jordan 
algebras. 

The algebraic structures related to the novel quasiconformal realizations 
are not Jordan algebras, but rather Freudenthal triple systems (FTS)[TH[T5]. 
The 57 dimensional space on which Eg^g) or -E'g(_24) is realized is the direct 
sum of a 56 dimensional space of the underlying FTS and a singlet defined 
by the symplectic invariant over that FTS. The nonlinear realization of the 
Lie algebra of Eg(g) given in [2] was written in terms of the triple product of 
the FTS and hence extends to all simple Lie algebras since they all can be 
constructed over FTS's. This follows from the fact that simple Freudenthal 
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triple systems are in one-to-one correspondence with simple Lie algebras 
with a five graded decomposition 

= 0"^©0"^©0°©0+^©0+^ (1) 

such that grade ±2 spaces are one dimensional pTB] , These include all simple 
Lie algebras, except for 5 ((2) for which it degenerates to a 3-graded structure. 

The formally real Jordan algebras of degree three and their associated 
geometries arise naturally within the framework of A'^ = 2 Maxwell-Einstein 
supergravity theories (MESGT) in five dimensions ^7]. The geometries 
and symmetries of the corresponding four dimensional MESGT's are deeply 
related to the FTS's defined over these Jordan algebras ^. The formally 
real Jordan algebras of degree three and the corresponding FTS's were also 
shown to be related to relativistic point particle and classical bosonic string 
actions by Sierra lIB) . 

In this paper we will study the quasiconformal groups associated with 
FTS's defined over formally real Jordan algebras ^ a la Freudenthal. Such 
FTS's were classified by Ferrar |EI who showed that FTS's defined over 
Jordan algebras require that the Jordan algebras be of degree three. The 
generic formally real Jordan algebras of degree three define spacetimes which 
can be interpreted as extensions of Minkowskian spacetimes by an extra 
dilatonic coordinate. Their Lorentz groups are of the form 

SO(d- 1,1) X S0(1,1) (2) 

and their conformal groups are 

S0(d,2) X S0(2,l) (3) 

The spacetimes defined by four simple formally real Jordan algebras of 
degree three describe extensions of the critical Minkowskian spacetimes in 
d = 3,4, 6, 10 dimensions by a dilatonic and 2, 4, 8, 16 spinorial commuting 
coordinates, respectively. Rotation groups of these space-times are 

SO (3), SU(3), USp(6), F4 (4) 

Their Lorentz groups are 

SL(3,M), SL (3,C), SU*(6), E6(_26) (5) 

^For a review and the references on the subject see |22j. 

^Formally real or Euchdean Jordan algebras J are such that + = implies that 
both a — and 6 = for all a,b £ J. 
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and their conformal groups are 

Sp(6,M), SU(3,3), SO* (12), Ej^_25) (6) 

respectively. Hence their rotation, Lorentz and conformal groups coincide 
with the first three rows of the Magic Square 0] . 

The quasiconformal groups associated with the spacetimes defined by 
the generic Jordan algebras of degree three are 

SO(d + 2,4) (7) 

while the quasiconformal groups associated with the spacetimes defined by 
simple Jordan algebras of degree are 

^4(4)) ^6(2), E7(_5), E8(_24) (§) 

One of the remarkable features of the quasiconformal realizations of non- 
compact groups is that their quantization leads naturally to the minimal 
unitary representations of the respective noncompact groups j^Sl ^1 HZ] • 
The concept of a minimal unitary representation of a non-compact group G 
was first introduced by A. Joseph ^|. Over the last two decades there has 
been a great deal of work done by the mathematicians on the minimal uni- 
tary representations of noncompact groups. For references on earlier work 
on the subject we refer the reader to the review lectures of Jian-Shu Li 
More recently, minimal unitary representations were studied by Kazhdan, 
Pioline, and Waldron [T2|, by Giinaydin, Koepsell and Nicolai [2H1 and by 
Giinaydin and Pavlyk [10^ The construction of KPW extends to all simply 
laced groups and was motivated by the idea that the theta series of E8(8) 
and its subgroups may describe the quantum supermembrane in various di- 
mensions 13_. One of the main motivations of the work of GKN as well 
as of GP was the idea that the spectra of M-theory in various dimensions 
must fall into unitary representations of its U-duality groups in the respec- 
tive dimensions. Furthermore the U-duality groups in 3 and 4 dimensions 
act as spectrum generating symmetry groups in the charge space of BPS 
black hole solutions in 4 and 5 dimensions , respectively [HlEZl- Realization 
of the minimal unitary representation of Eg(g) and its subalgebras given in 
j28j is based on their geometric realizations as quasi-conformal groups. In 
our earlier work ^0] we constructed the minimal unitary representation of 
the other noncompact real form of Eg, namely -E'8(-24)) and those of its sub- 
groups, that arise as U-duality groups of MESGT's defined by simple Jordan 
algebras of degree three. These minimal unitary representations correspond 
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to quantizations of their geometric realizations as quasiconformal groups 
as well. In this paper we will study the quasiconformal groups associated 
with all Euclidean Jordan algebras of degree three mainly from a space-time 
point of view. We will also give the minimal unitary realizations of the qua- 
siconformal groups 50(^ + 2,4) of spacetimes defined by the generic Jordan 
family. 

The plan of the paper is as follows. We review [/-duality groups aris- 
ing in = 2 Maxwell-Einstein supergravity theories (MESGT) defined by 
cubic forms in dimensions 5,4 and 3 in section[21 In sectionlHlwe review gen- 
eralized space-times defined by Jordan algebras as well as their symmetry 
groups. In section 0] we study the spacetimes defined by Jordan algebras of 
degree 3 as extensions of Minkowskian space-times with dilatonic and spino- 
rial coordinates and their symmetries. We the review the realization of the 
quasiconformal groups via the Freudenthal triple product given in [Hj. In 
section 5 we present the explicit geometric realizations of quasi-conformal 
groups SO {d + 2, 4) of the generic Jordan family of spacetimes. In section 6 
we give an explicit geometric realization of Eg(_24) as a quasiconformal group 
as the aforementioned extension of SO (12, 4). By consistent truncation of 
-^8(-24) we obtain the geometric quasiconformal realizations of Ej(^_^-^ , £"6(2) 
and -F4(4), which we give explicitly as well. In the final section we give the 
minimal unitary realizations of the generic family of quasiconformal groups 
SO {d + 2,4). Together with our earlier results given in ^01 this completes 
the construction of the minimal unitary representations of quasiconformal 
groups defined over Euclidean Jordan algebras of degree three by quantiza- 
tions of their geometric realizations. 

2 U-duality groups of = 2 Maxwell-Einstein su- 
pergravity theories in d = 5, 4, 3 dimensions de- 
fined by cubic forms 

2.1 Five dimensional N = 2 MESGT's 

In this section we will review the geometry and the symmetry groups of 
N = 2 MESGT's in five dimensions and the corresponding dimensionally 
reduced theories in d = 4 and d = 3 dimensions. The MESGT's describe 
the coupling of an arbitrary number n of (Abelian) vector fields to iV = 2 
supergravity and five dimensional MESGT's were constructed in The 
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bosonic part of the Lagrangian can be written as 

+^CjjKe^'^P-'F^,F;^^A^, (9) 

where e and R denote the fiinfbein determinant and the scalar curvature 
in d = 5, respectively. -F^j^ are the field strengths of the Abelian vec- 
tor fields Ajj^, {I = 0,1,2 ■ ■ ■ ,n) with denoting the "bare" graviphoton. 

o 

The metric, gxy, of the scalar manifold Ai and the "metric" ajj of the ki- 
netic energy term of the vector fields both depend on the scalar fields ip^ 
( x,y,.. = l,2,..,n). The invariance under Abelian gauge transformations 
of the vector fields requires the completely symmetric tensor Cjjk to be 
constant. Remarkably, one finds that the entire N = 2, d = 5 MESGT is 
uniquely determined by the constant tensor Cjjk EH- In particular, the 
metrics of the kinetic energy terms of the vector and scalar fields are deter- 
mined by Cjjk- More specifically, consider the cubic polynomial, V{h), in 
(ra + 1) real variables (/ = 0, 1, . . . , n) defined by the Cjjk 

V{h) := CijK h^h-^h^ . (10) 

Using this polynomial as a real "Kahler potential" for a metric, ajj, in an 
n + 1 dimensional ambient space with the coordinates : 

""("'^--^^sST'^vW. (u) 

one finds that the n-dimensional target space, Ai, of the scalar fields ip'"^ can 
be identified with the hypersurface jT7| 

V(/i) = CijKh^h-^h^ = 1 (12) 

in this space. The metric gxy of the scalar manifold is simply the pull-back 
of (HU) to 

gxy = hih-^ajj (13) 

where 



K = -\h^h' (14) 

and one finds that the Riemann curvature of the scalar manifold has the 
simple form 

4 

Kxyzu — 2 {^9x[u9z\y ~l~ T^x[u ^zjyto) (1^) 
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where Txyz is the symmetric tensor 

Txyz = h^hyhfCuK (16) 

The "metric" aij{ip) of the kinetic energy term of the vector fields appearing 
in ® is given by the componentwise restriction of ajj to A4: 

ajj{ip) = au\v=i ■ (17) 

We should stress that the indices I,J,K,.. are lowered and raised by the 
metric ajj[ip) and its inverse. The physical requirement of positivity of 

o 

kinetic energy requires that Qxy and a/j be positive definite metrics. This 
requirement induces constraints on the possible Cjjk, and in it was 
shown that any Cjjk that satisfy these constraints can be brought to the 
following form 

CoOO = 1) Coij = —^^iji C'ooi = 0, (18) 

with the remaining coefficients Cijk {i,j,k = 1,2, ... ,n) being completely 
arbitrary. This basis is referred to as the canonical basis for Cjjk- 

Denoting the symmetry group of the tensor Cijk as G one finds that 
the full symmetry group of = 2 MESGT in (i = 5 is of the form G x 
SU(2)/j where SU(2)/j denotes the local R-symmetry group of the N = 2 
supersymmetry algebra. 



2.2 Symmetric target spaces and Jordan Algebras 

From the form of the Riemann curvature tensor K^yzu it is clear that the 
covariant constancy of T^yz implies the covariant constancy of Kxyzu'- 

Txyz;w — Kxyzu\w — 

Therefore the scalar manifolds 7W5 with covariant constantly constant T 
tensor are locally symmetric spaces. 

If A^5 is a homogeneous space the covariant constancy of Txyz was shown 
to be equivalent to the following identity [T7] : 

C^-^^Cj(^mnCpq)k = 5\mCnpq) (19) 
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where the indices are raised by a^^^ 

Remarkably the cubic forms defined by Cijk of the iV = 2 MESGT's 
with n > 2 with a symmetric target space A^s and a covariantly constant T 
tensor are in one-to-one correspondence with the norm forms of Euchdean 
(formahy real) Jordan algebras of degree 3. 

The precise connection between Jordan algebras of degree 3 and the ge- 
ometries of MESGT's with symmetric target spaces in d = 5 was established 
|17j through a novel formulation of the corresponding Jordan algebras. This 
formulation is due to McCrimmon ^20^ , who generalized and unified previous 



constructions by Freudenthal, Springer and Tits |21| . which we outline here. 

Let y be a vector space over the field of reals M, and letV: VxVxV 
be a cubic norm on V. Furthermore, assume that there exists a quadratic 
map H : X — > of into itself and a "base point" c^V such that 

V(c) = l and c» = c (i), (h) 

T(xKy] = y'diV\ (iii) 



cxy = T{y,c)c-y (iv) 



= V (x) X (v) 

The last equation is referred to as the adjoint identity. The map T : VxV ^ 
M is defined as 

r(x,y) = -xV5/5jlnV|^ (20a) 
and the Freudenthal product x of two elements x and y is defined as 

X X y = (x + y)" - x" - (20b) 

McCrimmon showed that a vector space with the above properties defines 
a unital Jordan algebra with Jordan product o given by 

X o y = -^T {c, x) y + T {c, y) X — T {c, X X y) c + X X y^ (21) 

^For proof of this equivalence an expression for constants Cijk in terms of scalar field 
dependent quantities was used 

Cijk ~ -hihKfiK — -o-^uHk) + Txyzhjh^hK 

as well as algebraic constraints hjh^ = 1 and hi hi = that follows from susy. 
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and a quadratic operator Ux given by 

Uxy = T{x,y)x-x^ xy (22) 

In ^7j it was shown that the properties (i) and (iv) are satisfied by the cubic 
norm form defined by the tensor Cjjk ol N = 2 MESGT's in d = 5. The 
condition of adjoint identity is equivalent to the requirement that the scalar 
manifold be symmetric space with a covariantly constant T-tensor ^17^ . The 
corresponding symmetric spaces are of the form 

^ = (23) 
Aut (J) ^ ' 

where Strg (J) and Aut (J) are the reduced structure group and automor- 
phism group of the Jordan algebra J respectively. 

Prom the foregoing we see that the classification of locally symmetric 
spaces M for which the tensor T^yz is covariantly constant reduces to the 
classification of Jordan algebras with cubic norm forms. Following Schafers 
[23] the possibilities were listed in |ll7j : 

1. J = M, V (x) = . The base point may be chosen as c = 1. This case 
supplies n = 0, i.e. pure d = 5 supergravity. 

2. J = M © r, where F is a simple algebra with identity e2 and quadratic 
norm Q (x), for x G F, such that Q (e2) = 1. The norm is given as 
V (x) = a<5(x), with x = (a,x). The base point may be chosen as 
c = (1,62). This includes two special cases 

(a) F = M and Q = b^, with V = a6^. This is applicable to n = 1. 

(b) F = M © M and Q = be, and V = abc and is applicable to n = 2. 

Notice that for these special cases the norm is completely factorized, 
so that the space C and therefore M, is flat. For n > 2, V is still 
factorized into a linear and quadratic parts, so that is still reducible. 
The positive definiteness of the metric a/j of C, which is required 
on the physical grounds, requires that Q have Minkowski signature 
(+,—,—,...,—). The point e2 can be chosen as (1, 0, 0). It is 
then obvious that the invariance group of the norm is 

Stro(J) = SO(n- 1,1) X S0(1,1) (24) 

where the SO (1, 1) factor arises from the invariance of V under the 
dilatation (a,x) — > (e~^'*'a, e'^'x) for A G R, and that SO (n — 1) is 
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Aut (J). Hence 



M 



SO (n- 1,1) 
SO(n- 1) 



X SO (1,1) 



(25) 



3. Simple Euclidean Jordan algebras J = generated by 3x 3 Hermitian 
matrices over the four division algebras A = R, C, H, O. In these four 
cases an element x G J can be written as 



X 



Ql a3 02 
03 a2 ai 
al 



(26) 



where G M and G A with * indicating the conjugation in the 
underlying dvision algebra. The cubic norm V, following Freudenthal 
[21], is given by 

-Qs |a3|^+aia2a3 + (ai02a3)* (27) 



V (x) = 010203—01 |ai|^— 02 |a2|^- 



For A = M or C it coincides with the usual definition of determinant 
Det{x). The corresponding spaces M are irreducible of dimension 
3 (1 + dim A) — 1, which we list below: 



MiJf) 
M{4) 



SL (3, 



SO (3) 

SL (3,c; 

SU(3) 



SU* (6) 
USp (6) 



E, 



6(-26) 



(28) 



The magical supergravity theories described by simple Jordan algebras 
(A = R, C, H or O) can be truncated to theories belonging to the generic 
families. This is achieved by restricting the elements of 



'Ql as 02 
03 "2 ai 
,02 ai 03, 



(29) 



to lie in their subalgebra J 
groups are as follows: 



) JI" be setting oi = 02 = 0. Their symmetry 



J = R 




: S0(1,1) 


X SO (2,1) C SL(3,M) 


J = R 




: S0(1,1) 


X SO (3,1) C SL(3,C) 


J = R 




: S0(1,1) 


X SO (5,1) C SU* (6) 


J = R 




: S0(1,1) 


X SO (9, 1) C E6(_26) 



(30) 
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2.3 Geometries of the four dimensional MESGTs defined by 
Jordan algebras of degree 3 

Under dimensional reduction to the 4D the kinetic energy of the scalar fields 
of the 5D N = 2 MESGTs can be written as [HI 

e-'-Cscaiars = - gijO^Z' Of^Z'^ (31) 

where 

giJ = aij {Z - Z) 
and Z^ are complex scalar fields 

where the real parts are scalars coming from the vectors in 5 dimensions 
and are 

y = e^h^ ((/)^') (34) 

where a is the scalar coming from the graviton in the five dimensions. Since 
V (li^ = e^" > the scalar manifold in AD theories corresponds to the 
"upper half-plane" with respect to the cubic norm. For Euclidean Jordan 
algebras of degree three these are the Koecher upper half-spaces t8, of the 
corresponding Jordan algebras 

Mi = V{J) = J + iC (J) (35) 

where C (J) denotes elements of the Jordan algebra with positive cubic norm. 
The Koecher half-spaces are bi-holomorphically equivalent to bounded sym- 
metric domains whose Bergmann kernel is simply V (Z — Z) . As was first 
shown in 1^26 the scalar manifold of the AD MESGTs must be special Kahler. 
For the theories coming from 5D the Kahler potential reads 

F(Z,Z) = -ilnV(Z-Z) (36) 

and are called very special Kahler geometries. 

The bounded symmetric domains associated with the upper half-spaces 
of Jordan algebras are isomorphic to certain hermitian symmetric spaces. 



1 d d 
'2dZi dW 



InVlZ - Z) 



(32) 
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For the Euclidean Jordan algebras of degree 3 these spaces are as follows: 



M4{J = M + T{Q)) 



SO (2,1) X S0(n,2) 
S0(2) X SO(n) X S0(2) 
Sp(6,R) 

SU 
7U(3) 
SO* (12) 

~m~ 

E7(-25) 

Ee X U(l) 



■^^('^3j-S(U(3)xU(3)) ^^^^ 



These symmetric spaces are simply the quotients of the conformal groups of 
the corresponding Jordan algebras by their maximal compact subgroups: 

The correspondence between the vector fields and the elements of the under- 
lying Jordan algebras in five dimensions gets extended to a correspondence 
between the vector field strengths plus their magnetic duals G^^, with 
the elements of the Freudenthal triple system defined by the Jordan algebra 
of degree three 

F^,(BG^,<^m{J) (38) 

The automorphism group of this FTS is isomorphic to the four dimen- 
sional U-duality group and it acts as the spectrum generating conformal 
group on the charge space of the BPS black hole solutions of five dimen- 
sional MESGT's 1^1211. 



2.4 Geometries of the three dimensional MESGTs defined 
by Jordan algebras of degree 3 

Upon further dimensional reduction to 3 space-time dimensions, the MES- 
GTs defined by Euclidean Jordan algebras of degree three have target spaces 
that are quaternionic symmetric spaces. The corresponding symmetric spa- 



ll 



ces are: 



X3(J = M + r(C3))- SO{n + 2.4) 



S0(n + 2) X S0(4) 

^4(4) , , f M _ ^7{-5) 



^'^'^''-VSp{6)xSm ^'V^)-SO{12)xSU{2) ^^^^ 

E6(2) , . f jO\ _ E8(_24) 



V' ) - SU(6) X SU(2) ) E7 X SU(2) 

The pure 5(i, N = 2 supergravity under dimensional reduction to three 
dimensions leads to the target space 

(40) 



SU(2) X SU(2) 

which can be embedded in the coset space 

SO(3,4) 
S0(3) X S0(4) 



(41) 



We should note that the above target spaces are obtained after dualizing 
all the bosonic propagating fields to scalar fields which is special to three 
dimensions. The Lie algebras of the three dimensional U-duality groups have 
a 5-graded decomposition with respect to the four dimensional U-duality 
groups. They are isomorphic to the quasiconformal groups constructed over 
the corresponding FTS's, which act as spectrum generating symmetry group 
on the charge-entropy space of BPS black hole solutions in four dimensional 
MESGT's iniEZI. 



3 Generalized space-times defined by Jordan al- 
gebras and their symmetry groups 

3.1 Generalized Rotation, Lorentz and Conformal 
Groups 

In the previous sections we reviewed how Jordan algebras arise in a funda- 
mental way within the framework of supergravity theories. In this section 
we will review work on how Jordan algebras can be used to generalize four 
dimensional Minkowski spacetime and its symmetry groups in a natural way. 
The first proposal to use Jordan algebras to define generalized spacetimes 
was made in the early days of spacetime supersymmetry in attempts to find 
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the super analogs of the exceptional Lie algebras One of the main an- 
chors of this proposal was the twistor formalism, which in four-dimensional 
space-time {d = 4) leads naturally to the representation of four vectors in 
terms of 2 x 2 Hermitian matrices over the field of complex numbers C. In 
particular, a coordinate four-vector be represented as: 

X = x^a^" (42) 

Since the Hermitian matrices over the field of complex numbers close under 
the symmetric anti-commutator product one can regard the coordinate vec- 
tors as elements of a Jordan algebra denoted as J2' EH]- Then the rotation, 
Lorentz and conformal groups in d = 4 can be identified with the automor- 
phism, reduced structure and Mobius (linear fractional) groups of the Jordan 
algebra of 2 x 2 complex Hermitian matrices jf' E El ■ The reduced struc- 
ture group S'tro(J) of a Jordan algebra J is simply the invariance group of 
its norm form N{J). (The structure group Str{J) = StrQ{J) x SO{l, 1), on 
the other hand, is simply the invariance group of N(J) up to an overall con- 
stant scale factor.) Furthermore, this interpretation leads one naturally to 
define generalized space-times whose coordinates are parameterized by the 
elements of Jordan algebras The rotation Rot{J), Lorentz Lor (J) and 
conformal Con[J) groups of these generalized space-times are then identi- 
fied with the automorphism Aut{J), reduced structure StrQ{J) and Mobius 
Mo(J) groups of the corresponding Jordan algebras 0121 011]. Denoting 
as the Jordan algebra of n x n Hermitian matrices over the division al- 
gebra A and the Jordan algebra of Dirac gamma matrices in d (Euclidean) 
dimensions as T[d) one finds the following symmetry groups of generalized 
space-times defined by simple Euclidean (formally real) Jordan algebras: 



J 


Rotation{J) 


Lorentz{J) 


Conformal{J) 




SO{n) 


SL{n,R) 


Sp{2n,R) 


jC 


SU{n) 


SL{n,C) 


SU (n, n) 


jM 


USp{2n) 


SU*{2n) 


SO* (An) 


jO 


F4 


-E'6(-26) 


-£'7(-25) 


m 


SO{d) 


SO{d,l) 


S0{d,2) 
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The symbols M, C, H, O represent the four division algebras. For the 
Jordan algebras the norm form is the determinental form (or its general- 
ization to the quaternionic and octonionic matrices). For the Jordan algebra 
T(d) generated by Dirac gamma matrices Fj (i = 1,2, ...d) 

{Ti,Tj} = 6,jl; = 1,2,..., d (43) 

the norm of a general element x = xqI + XjFj of T{d) is quadratic and given 
by 

N{x) = XX = Xq — XiXi (44) 

where x = xq\ — XjFj. Its automorphism, reduced structure and Mobius 
groups are simply the rotation, Lorentz and conformal groups of {d + 1)- 
dimensional Minkowski spacetime. One finds the following special isomor- 
phisms between the Jordan algebras of 2 x 2 Hermitian matrices over the 
four division algebras and the Jordan algebras of gamma matrices: 

jf^V{2) ■ J^c^Vi?,) ■ jfc^V{h) ■ J^^V{S)) (45) 

The Minkowski spacetimes they correspond to are precisely the criti- 
cal dimensions for the existence of super Yang-Mills theories as well as of 
the classical Green-Schwarz superstrings. These Jordan algebras are all 
quadratic and their norm forms are precisely the quadratic invariants con- 
structed using the Minkowski metric. 

We should note two remarkable facts about the above table. First, the 
conformal groups of generalized space-times defined by Euclidean (formally 
real) Jordan algebras all admit positive energy unitary representations^. 
Hence they can be given a causal structure with a unitary time evolution 
as in four dimensional Minkowski space-time. Second is the fact that the 
maximal compact subgroups of the generalized conformal groups of formally 
real Jordan algebras are simply the compact forms of their structure groups 
(which are the products of their generalized Lorentz groups with dilatations) . 

® Similarly, the generalized conformal groups defined by Hermitian Jordan triple systems 
all admit positive energy unitary representations In fact the conformal groups of simple 
Hermitian Jordan triple systems exhaust the list of simple noncompact groups that admit 
positive energy unitary representations. They include the conformal groups of simple 
Euclidean Jordan algebra since the latter form an hermitian Jordan triple system under 
the Jordan triple product |@]. 



14 



3.2 Quasiconformal groups and Preudenthal triple systems 

A Freudenthal triple system (FTS) is a vector space dJl with a trilinear 
product {X, Y, Z) and a skew symmetric bilinear form < X,Y > such that^: 

{X,Y,Z) = {Y,X,Z)+2{X,Y)Z, 

{X,Y,Z) = {Z,Y,X)-2{X,Z)Y, 

{{X, Y, Z),W) = {{X, W,Z),Y)-2 {X, Z) (Y, W) , 

{X, Y, {V, W,Z)) = {V, W, {X, Y,Z)) + ((X, Y, V) , W, Z) 

+ {V,{Y,X,W),Z) . (46) 

A quartic invariant T4 can be constructed over the FTS by means of the 
triple product and the bilinear form as 

MX):={{X,X,X) ,X) (47) 

One can construct a Lie algebra over a FTS that has a 5-graded decompo- 
sition such that grade ±2 subspaces are one dimensional: 

g = e 0"^ e 0° e 0+^ e 0+^ . (48) 

Following jn] we shall label the Lie algebra generators belonging to grade 
+1 and grade —1 subspaces as Ua and Ua, where A G 971. The generators 
Sab belonging to grade zero subspace are labeled by a pair of elements 
A^B & 9Jt. For the grade ±2 subspaces one would in general need another 
set of generators Kab and Kab labeled by two elements, but since these 
subspaces are one-dimensional we can write them as 

Kab = {A, B) Ka Kab = {A, B) Ka (49) 

where a is a real parameter. 

One can realize the Lie algebra as a quasiconformal Lie algebra over a 
vector space whose coordinates X are labeled by a pair (X, x), where X G 9Jt 

''We should note that the triple product 1461 1 could be modified by terms involving the 
symplectic invariant, such as {X,Y)Z. The choice given above was made in ^ in order 
to obtain agreement with the formulas of 
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and X is an extra single variable as follows [S]: 



Ka(X) 
Ka{x) 



Ua{X) = A Sab{X) = {A,B,X) 



2 a Ua{x) = {A,X) Sab{x) = 2{A,B)x 
Ua{X) = ]^{X,A,X)-Ax 

Ua (x) = {{X, X, X),A) + {X, A) X 

Ka (X) = « (X, X, X) + aXx 

Ka{x) = -a{{X,X,X) ,X) + 2ax'^ 



(50) 
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From these formulas it is straightforward to determine the commutation 
relations of the transformations. The quasiconformal groups leave invariant 
a suitable defined lightcone with respect to a quartic norm involving the 
quartic invariant of 9Jl pj . 

Freudenthal introduced the triple systems associated with his name in his 
study of the metasymplectic geometries associated with exceptional groups 
j25j . The geometries associated with FTSs were further studied in [241 
I22| I15| I16j . A classification of FTS's may be found in T!6^, where it is 
also shown that there is a one-to-one correspondence between simple Lie 
algebras and simple FTS's with a non-degenerate skew symmetric bilinear 
form. Hence there is a quasiconformal realization of every Lie group acting 
on a generalized lightcone. 

The Freudenthal triple systems associated with exceptional groups can 
be represented by formal 2x2 "matrices" of the form 



where ai,a2 are real numbers and xi,X2 are elements of a simple Jordan 
algebra J of degree three. One can define a triple product over the space 
of such formal matrices such that they close under it. There are only four 
simple Euclidean Jordan algebras J of this type, namely the 3x3 hermitean 
matrices over the four division algebras, M, C, EI and O. We shall denote 
the corresponding FTS's as 9Jt(J). 

One may ask which Freudenthal triple systems can be realized in the 
above form in terms of an underlying Jordan algebra. This question was 
investigated by Ferrar who proved that such a realization is possible 
only if the underlying Jordan algebra is of degree three. Remarkably, if 




(51) 
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one further requires that the underlying Jordan algebra be formally real 
then the list of Jordan algebras over which FTS's can be defined as above 
coincides with the list of Jordan algebras that occur in five dimensional 
N = 2 MESGT's whose target spaces are symmetric spaces of the form 
G/H such that G is a symmetry of the Lagrangian. 

In this paper we will focus only on the quasiconformal groups defined 
over formally real Jordan algebras. The Freudenthal triple product of the 
elements of J) is defined as jl2] 

W.X„X3>=(]^) with X. = (52) 

where 

7 = 01/3203 + 2aia2/33 - 03^(01,62) - a2r (01,63) 

- aiT (02, 63) + T (oi, 02 X as) 

c = (02/33 + T (b2, 03)) ai + (ai/33 + T (61, as)) a2 + (ai/32 + T (61, 02)) as 

- ai 62 X &3 - "2 h X h- "3^1 X h 

- {ai, 62, as} - {ai, ^3, 02} - {a2, ?*i, as} 

5 = d = —(f where o" = (a /?) (a 6) . 

Here a denotes a permutation of a with /3 and a with 6, and 

{a, 6, c} = Ua+ch - Uab - U^b (53) 
where Uab is defined as in (|22j) . 

4 Spacetimes over Jordan algebras of degree three 
as dilatonic and spinorial extensions of Minko- 
wskian spacetimes 

As stated above we will restrict our studies of generalized spacetimes to 
those defined by formally real Jordan algebras of degree 3. Our main goal is 
to give a unified geometric realization of the conformal and quasiconformal 
groups of generalized spacetimes defined by Jordan algebras of degree three 
and the FTS's defined over them. 

The related geometries in the context of = 2 MESGT's were reviewed 
in section The Jordan algebras of degree three that arose in the study of 
MESGT's were later studied by Sierra who showed that there exists a cor- 
respondence between them and classical relativistic point particle actions 
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jl8j . In the same work Sierra showed that this could be extended to a corre- 
spondence between classical relativistic bosonic strings and the Freudenthal 
triple systems defined over them. 

Consider now the spacetimes coordinatized by the generic Jordan family 

j = Mer(Q) (54) 

we shall interpret the extra coordinate corresponding to M as a dilatonic co- 
ordinate p and label the coordinates defined by J as (p, Xm,m = 0, 1, 2, ...{d— 
1)) . The automorphism group SO{d— 1) will then be the rotation group of 
this space-time under which both the time coordinate and the dilatonic 
coordinate p will be singlets. The Lorentz group of this spacetime is the 
reduced structure group which is simply 

SO(d- 1,1) X S0(1,1) (55) 

It leaves invariant the cubic norm which, following US], we normalize as 

V(p,x™) = V2px^x„r?™" (56) 

Under the action of SO{d — 1,1), the dilaton p is a singlet and under 
50(1, 1) we have 

S0{1,1): / (57) 

Freudenthal product of two elements of J = M © ^(Q) is simply 

(p, X) X (cr, y) = (y2Xmy"^, V2 {pym + (7Xm)^ (58) 

The conformal group of the spacetime is the Mobius group of J which is 

SO (d, 2) X SO (2,1) (59) 

The Freudenthal triple systems defined over the generic Jordan family can 
be represented by 2 x 2 matrices 

m{J = R®Tm={fi ^2) =X (60) 

where J^,J^ G J and x^ and are real coordinates. The automorphism 
group of 9Jt is SO (d, 2) © Sp (2, M) under which an element of DJt transforms 
in the representation (d + 2,2). We shall label the "coordinates" of Tl as 

x'J, = {x^,x%p'') where a = 1,2 



18 



and interpret it as coordinates of a conformally covariant phase space (so 
that a = 1 labels the coordinates and a = 2 labels the momenta). 
Skew-symmetric invariant form over 9Jt is given by 

{X,Y)=eabt^Xp^^ (61) 

We should stress the important fact that the conformal group of the space- 
time defined by J is isomorphic to the automorphism group of the Freuden- 
thal triple system 971 (J) ! 

To define the quasi-conformal group over the conformal phase space rep- 
resented by 971 (J) we need to extend it by an extra coordinate corresponding 
to the cocycle (symplectic form) over 971 (J). We shall denote the elements 
of 971 (J) as X and the extra coordinate as x. The quasi-conformal group of 
971 (J) e M is the group SO (d + 2, 4) . 

The space-times defined by simple Jordan algebras of degree 3 cor- 
respond to extensions of Minkowski space-times in the critical dimensions 
d = 3,4,6, 10 by a dilatonic (p) and commuting spinorial coordinates (^"). 

Jf^{p,x^m,e) m = 0,1,2 a = 1,2 

jC^(p,x„,r) m = 0,1,2,3 a = 1,2,3,4 

Jf^{p,x^m,e) m = 0,...,5 a = l,...,8 

jC^(p,x„,r) m = 0,...,9 a = l,...,16 



(62) 



The commuting spinors ^ are represented by a 2 x 1 matrix over A = 
M,C,]HI, O. The cubic norm of a "vector" with coordinates (p, x^,^") is 
given by ^Hl 

V (p, r) = \/2px^x„r/'"" + x'^hmi (63) 

The Lorentz groups of the space-times over are 

SL(3,M), SL(3,C), SU*(6), and E6(_26) (64) 

respectively, corresponding to the invariance groups of their cubic norm. 
The Preudenthal product of two vectors in the corresponding space-time is 
given by 

{p,Xm,C) X (o-,?/m,C") = 

(^V2x^y™, ]^{hmC + Clmi)+V2{py^ + aXm), x"C7m + y™e7m^ 

(65) 
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The conformal groups of these spacetimes are 

Sp(6,M), SU(3,3), SO* (12), and £7(^25) (66) 

respectively. The automorphism groups of the FTS VJl {J3) are isomorphic 
to their conformal groups. 

The quasi-conformal groups acting on 971 ( J^" © M) , where M represents 
the extra "cocyle" coordinate, are 

F4(4), E6(2), E7(_5), E8(_24) (67) 

whose minimal unitary irreducible representations were constructed in jlUj . 

5 Geometric realizations of SO {d + 2, 4) as quasi- 
conformal groups 

Lie algebra of SO {d + 2, 4) admits the following 5-graded decomposition 

50 (d +2,4) = l©(d + 2, 2)©(A © sp (2, M) © so {d, 2))©(d + 2, 2)©1 (68) 

Generators are realized as differential operators in 2d + 5 coordinates corre- 
sponding to © subspace which we shall denote as x and X'^'" where 
a = 1,2 is an index of representation 2 of sp(2,]R) and we shall let the 
indices /u run from 1 to d + 2 with the indices d-\- 1 and d + 2 labelling the 
two timelike coordinates, i.e transforms like a vector of SO{d,2). 

Let eab be symplectic real- valued matrix, and ij^^^ denote signature {d, 2) 
metric preserved by S0{d,2). Then 

= v^uVpreaceMX^^'^X'-^'XP^'^X-''' (69) 

is a 4th-order polynomial invariant under the semisimple part of Q^. Define 

d ^3 

c 9 c 9 
Jab = <^acX^''^———T- + etcX^'^ 
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where t denotes an inverse symplectic metric: e ehc = ^""c and C/^^a eval- 
uates to 



■ X- 



d 



d 



dXP'' 



eadriXpXP^'^X' 



dXP^'' 



we have 



4Vt.uVXpX''^'X^''XP^''ebcead 



dXP''' 

These generators satisfy the following commutation relation: 

[Jab, Jed] = ^cbJad + (-caJbd + f^dbJac + (-daJh 



MP 



[A, C/^,a] = -f/^.a ^,U^,a 



u, 



fi,a 



'2r]py'^abK+ 



(71) 



(72a) 



[Jabi U^^d — ^cbU^^a ~l" ^caU^^b 



Jab, U, 



p,c 



^cbUp^a ~\~ ^caUp^b 



Up^a, Up^b — Vpi^^ab A — 2 eabMpu — r}pyJa. 



(72b) 



(72c) 



The distance invariant under SO {d + 2, 4) can be constructed following [0]. 
Let us first introduce a difference between two vectors X and 3^ong^^©g~^: 

,5 {X, y) = (X'^'" - YP'\ x-y- VpueabX'^^'^V'^'') (73) 
and define the "length" of a vector X as 

i (X) = J4 {X) + 2x2 ^74^ 
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Then the cone defined by i{6{X,y)) = is invariant w.r.t. the full group 
SO{d + 2, 4), because of the following identities: 



/\oi{5{x,y)) = Ai{5{x,y)) 



u, 



fi,a 



o i {6 {X, y)) = -2r]^,eab [x'^'' + Y'^'''^ i (6 {X, y)) 



K+o£{6{X,y)) = 2{x + y)e{6{X,y)) 
any other generator o £ (5 {X ,y)) = 

(75) 

6 Geometric realizations of E8(_24), E7(_5), £5(2) and 
F4(4) as quasiconformal groups 

The minimal unitary representations of the quasiconformal groups of the 
spacetimes defined by simple formally real Jordan algebras of degree three 
were given in our earlier paper ^U] . In this section we will give their geomet- 
ric realizations as quasiconformal groups in an SO{d, 2) x Sp{2,M) covariant 
basis where d is equal to one of the critical dimensions 3, 4, 6, 10. 

6.1 Geometric realization of the quasiconformal group E8(_24) 

For realizing the geometric action of the quasiconformal group E8(_24) in 
an SO(10, 2) x S0(2, 1) covariant basis we shall use the following 5-graded 
decomposition of its Lie algebra 



-24) 



56 e [so(l, 1) e e7(_25)] e 56 e 1 (76) 



-24) 



(2,12) 
(l,32e) 



A 



(2,32,) 

sp (2, M) e so (10,2) 



(2,12) 
(1,32,)^ 



The generators of the simple subalgebra e7(_25) in 5^ satisfy the following 
SO(10, 2) covariant commutation relations. 



aa 

[Jab) Qca 



Qa$ (^/ii^) 

a 

^cbQaa ~l~ ^caQba 

eab {CT^,)^^M^'^ + C^pJab 



(77) 
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where M^i, and Jab are the generators of SO(10, 2) and Sp(2,]R), respec- 
tively and Qaa are the remaining generators transforming in the (32^, 2)) of 
SO(10, 2) X 5^(2, M) . C is the charge conjugation matrix in (10,2) dimen- 
sions and is antisymmetric 

= -C (78) 

The generators of E7(_25) are reahzed in terms of the "coordinates" X^''^ 
and ip'^ transforming in the (12, 2) and (32c, 1) representation of SO(10, 2) x 
Sp{2,M) as follows 

d d d 

Jab = eac^'^'^TT^ + Cfec^^'^TT^ (79) 
Qa. = eabX^'^ir,)'^^ - ^P' (CT,),^ ^'^^ 

where are the gamma matrices and T^^, = ^ (F^Fj^ — Fj^r^). a,f3,.. 
and a,P, ... are chiral and anti-chiral spinor indices that run from 1 to 32, 
respectively. F matrices are taken to be in a chiral basis (with F13 being 
diagonal) . The spinorial "coordinates" ip°' transform as a Majorana-Weyl 
spinor of SO(10, 2). One convenient choice for gamma matrices is 



(8) _ ^ ^ ^ ^ t(8) 

(80) 

Fll = (Ti (g) ia2 (8) I16 F12 = ia2 (8) I32 C = I2 (8) icr2 (8 lie 



Fi = cji (8 0-1 (8 Fg = 0-1 (8 0-1 (8 F^''^ Fio = cii 0-3 (8 lie 



where i = 1, . . . , 8 and Fg^'* = F^^'* . . . Fg^^ . Matrices F^^'* are those of Clifford 
algebra of M.^. The chiral realization (|80j) assumes mostly plus signature 
convention: 

= diag((+)^°,(-)2) ^,z. = l,...,12. (81) 

The fourth order invariant of C7(_25) iii the above basis reads as 

= ??^.r?p.eaeeM^^'"^"''^^''=^"'^ + 2e,bX^''^X-'V" (CF^.)^^ V'^ 

1 c (82) 

Given the above data, it is straightforward to realize the generators of e8{-24) 
on a 56 + 1 = 57 dimensional space following 1281 llOj . We start with 
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negative grade generators 



d_ 

dx 



d 



d 



(83) 



where x is the singlet "cocycle" coordinate. Grade +2 generator is 

d 



dx 4 ^X^''" 



+ 



1 dli 



+ xX'''^- 



d 



d 



(84) 



Generators of grade +1 space are obtained by commuting Kj^ with corre- 
sponding generators of g"^: 



(85) 



(86) 



The generator that determines the five grading is simply 

d d d 

dx dXf'" ^ dtp"' 

The commutation relations of these generators are those of 1)721) for d = 10 
supplemented with ()77j) and the following: 



Ua,Uf3 



2 Col/sKj^ 
= — eafe(r^j)"(if^a 

= -(cr^C7-i)/a 

= (CT^C "^)^ Qaa 



(87) 

with all the remaining commutators vanishing. The explicit expressions for 
the grade +1 generators are 



Uu,a 



1 dli d 



x-q^yeabX'''^— + X 
d 



d 



4 dXt'''' dx 

uX be 

rii^ueabX"'' (x^'^^^T-.+r — 



dx dXi^'"- 
1 



SX^'C 4 dXf^^'^di)'^ ^ ' dipP 



dX^'' 



dip^. 
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(89) 

The above geometric realization of the quasiconformal action of the Lie al- 
gebra of E8(-_24) can be consistently truncated to the quasiconformal realiza- 
tions of E7(_5), Eg(2) and F4(4), which we discuss in the following subsections. 
We should stress that for all these groups one can define a quartic norm such 
that they leave the generalized light-cone defined with respect to this quartic 
norm invariant as was shown for the maximally split exceptional groups in 
[S] and for SO{d + 2, 4) in section 5 above. 



6.2 Geometric realization of the quasiconformal group E7(_5) 

Truncation of the geometric realization of the quasiconformal group Eg(_24) 
to ?7{-5) is achieved by "dimensional reduction" from 10 to 6 dimensions. 
Reduction of 32-component Majorana-Weyl spinor of so (10,2) is done by 
using the projection operators: 

v-p = \{i + rir2r3r4)% v^^, = \{i + rir2r3r4)% (90) 

where we assumed we compactify first 4 compact directions. This projec- 
tion will reduce number of spinor components down to 16. It is clear that 
projected spinors will have the same chirality as their ancestors: 

. . . TiaP = PTigP (91) 

This 16-component spinor would thus comprise 2 same chirality 8-compo- 
nents spinors of so (6, 2) satisfying symplectic Majorana-Weyl reality condi- 
tion. Their R-group is su (2) - part of the so (4) of the transverse directions 
that leaves the projection operator invariant. Thus the relevant 5-graded 
decomposition of e7(_5) 

e7(_5) = i e 32 e [so*(12) © so(l, 1)] © 32 © 1 
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reads 

e7(-5) = 1 ' 



(2,2,8,) 
sp (2,R) ®su(2) ®so (6,2) 



(2,1,8,) 

(l,2,8e)^ 



(92) 



Let be an su (2) doublet of so (6, 2) chiral spinors (symplectic Majorana- 
Weyl spinor) with a,b, .. = 1,2 and a, (3. ... = 1, 2, .., 8. Then one can realize 
the Lie algebra of 50* (12) of grade zero subspace as 

d d d 



k.a 



d 



k.a 9 



(93) 



Qi 



where = C and iijiy,.. = 1,2, ..,8. Generators M,J,L,Q form so* (12) 
algebra: 



[Jabj Q'ica] — ^cbQiaa ~l~ ^caQiba 



(94) 



corresponding to the decomposition 

50* (12) D so* (8) © so* (4) = so (6, 2) © su (2) © sp (2, M) (95) 
The fourth order invariant of so* (12) in the above basis is given by 

^4 = Vpur]preMX^'^''X'''^XP''X-^^ - 2e,,eabX^''' X''\^^^ {CT 



1 ... 



(96) 
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We can now write generators of e7(_5) , starting with negative grade genera- 
tors 



dx 



i,a 



d jj d 



Positive grade +2 generator is 

d 1 9X 



K+ = -(2.^-T4)^-. 



2 ^ " dx 4 

1 jj dl4 ^^_i^af3 d 



d 



- (c ) 



+ xXf''''^^^+xC 



d 



(97) 



(98) 



Commutation relations of and specific to 6 + 2 = 8 dimensions are 



Ui^ajU^^a — (Cr^C )^ Qiaa- 

Grade +1 generators have the following form: 



U, 



1 dl4 d d d 



4 dXt'^'' dy 
1 a^Xi 



4 dXt^^'^dX^^'' 



ri'^Pe'"' 



d 



dy dXi"'"- 
1 d^T. 



-l\ocl3 9 



dxp'^ 4ax/^.«^ 



-ri,ueabX'^''{X>^'^^^+e'- ^ 



(99) 



(100) 



1 3X4 d ^ ^4 a d d 
Ui,a = --t^ttt:— + Ca^eiji^^i" y— + y- 



+ - 



4 5f dy 
1 92X4 



(C-) 



dy dC'" 

1\M Jk_^ 1 ^^^4 



^fiv ab 



(101) 



6.3 Geometric realization of the quasiconformal group E6(2) 

Truncation to eg(2) is done by further dimensional reduction from d = 6 to 
d = 4. Projecting spinors is done in a similar way and results in breaking 
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i?-symmetry algebra to u(l). The resulting 5-graded decomposition of 65(2) 
is: 

ce(2) = i © 20 © [su(3, 3) © so(l, 1)] © 20 © 1 (102) 



H{2) 



/(2,6,) \ 
(l,4c)+ 

v(i,4.r/ 



(2,4.) 



(2,4,) 



sp(2, 



u(l)ffiso (4,2) 




(103) 



where + and — refer to ±1 charges of u(l). Let be a chiral spinor of 
so (4, 2) and C° the corresponding anti-chiral spinor. We shall combine these 
two chiral spinors into one Majorana spinor -0"^ of so (4, 2). The decompo- 
sition of the The generators of su(3, 3) in subspace read as follows 



d ■ d 



V'^(r 



9 



d 



Qa,A = ea6^^'"(r^)''^i + ry^^"" {CT^Tr 



d 



while Jab is defined as before and the charge conjugation matrix is now 
symmetric C* = C. These generators of su (3, 3) satisfy the commutation 
relations 



[Qa,A, Qb,B] = -j^ahCAsH - (CT^,,)^^ M^" - (CTy)^^ Jah 
[H,Qa,A] = {^7fAQa,B 

The chiral components of the generators of Qa,A are given by 



Qa,a — ^ab-^^' (J-^fJ. 



d 



d_ 



d 



/3a dX"^"- 

d 



Qa,a — ^ab^'^^'^i^f^Ta g.^ ff" (CT^)^^ dX^''^ 



(104) 
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The 4-th order invariant of 0U (3, 3) written in terms of X and -0 reads as 
follows: 



AB 



(105) 



The spinorial generators of £5(2) belonging to subspace are realized as 

(106) 



which commute into the grade —2 generator K_ 



(107) 



The commutators of the generators Qa,A belonging to grade zero subspace 
with those in grade -1 subspace read as 



Commutation relations of the form [9~^,0'''^] C g° are 

{CT^C ^) ^ Qa,B 



(108) 



= - 2 iCrr)AB H - Cab A + (Cr^.)^^ M'^'^ 



Ua, Uf^M 



(109) 



UA,Ufj,^a =-(CT^C ^)^ Qa,B 

Explicit expressions for positive grade generators are as follows: 



1 dl4 d 

1 d'^li 



d 



d 



' (r,c-^)^^ ^ 



(110) 



rit.ueabX^'" X 



u,b I y\,C_ 



d 



dX^'<' 



d 



Ua 



1 9J4 d .^^ , ,R 5 d 
i^BC d 1 5^X4 



(111) 
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_ 1 gfe »^ d _ 1 , ^-nAB _d_ 

6.4 Geometric realization of the quasiconformal group ^4(4) 

Further truncation to f4(4) is performed by reducing from d = 4 to d = 3. 
The 5-grading in this case is 

f4(4) = i e 14 e [sp(6, M) e so(i, i)] e 14 e i (113) 



f4(4) = 1 



(2,4) 
sp (2,M)eso (3,2) 



(2,5)^ 
(1,4)^ 



(114) 



We use the same notations for spinors as above, assuming that now A = 
1,...,4. 



Qa,A = eabX^'^r^f^^ + r/^^^ {CT^: 



d 



BA Qxv,a 



where C* = —C. The generators Qa,A close into sp(2,M) so (3, 2) as 
fohows: 

[Qa,A, Qb,B] = eab (CT^,)^^ M^^ + C^B Ja6 (115) 

and transform under sp (2,M) ® so (3,2) in the (2,4) representation. The 
generators Qa,A,M^'^ and Jab form the sp(6, M) subalgebra. 

Generators K_ G and U^^a € Q"^ are as above and spinorial gener- 
ators of are given by 



(116) 



Spinorial generators form an Heisenberg subalgebra with charge conjugation 
matrix C serving as symplectic metric: 



[Ua,Ub] = -2CabK. 



(117) 
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(118) 



The generators Q act on g ^ subspace as follows 

[Qa,A^UB] = {Cr^)^^r]^'''U,,a 
[Qa,A,Uti,b] = -(^abi^^l)^ 

Quartic invariant I4 of 5p(6, M) in sp (2, M) ® so (3, 2) basis is given by 

= v^.uripreaceMX^'''X^''X''''^X-''' - 2X^'-eai,X''''i^^^^ (CT^,)^^ (119) 

Notice that the quartic term involving purely spinorial coordinates ,present 
in previous cases, now vanishes, since there is no symmetric rank 4 invariant 
tensor of so (3, 2) ~ sp (4, M) over its spinorial representation space. Then 
the positive grade generators are 



d 



4 



+ T- 



(C-) 



d 



(120) 



U, 



IJ.,a 



1 dl4 d 

1 52X4 



d 



1 

+ T- 



4 dXi^'^-X"''' ' dXP'" 4 dXi^'""tp^ 
d 



(121) 



1 dl4 d ^ d d 

Ua = -TT7TT— + CabiI^'^V^ + y- 



4 ^^p^ dy 

1 (^-l^BC _d_ _ 1 9% b d 



(122) 



Commutation relations of generators belonging to and to are 



(CT, 



l^'^lAB 



M'"' - Cab A 



UA.U^^a =-(CT^C ^)J^Qa,B 
UA,U^^a = {CTnC~^) ^^Qa,B 



(123) 
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7 Minimal unitary realizations of the quasiconfor- 
mal groups SO{d + 2, 4) 

In our earlier work ^U] we constructed the minimal unitary representations 
of the exceptional groups discussed in the previous section. In this sec- 
tion we will construct the minimal unitary representations of the groups 
SO (d + 2,4), corresponding to the quantization of their geometric real- 
izations as quasiconformal groups given in section 5 following methods of 
|28| llOj. Let X^^ and be canonical coordinates and momenta in M^^''^^: 

[X^',Pu] = i6^ (124) 

In the notation of section 5 we identify X^''^^^ to be coordinates X^ , and 
P^l = VfiuX'^'"'^'^ to be conjugate momenta. Also let x be an additional 
"cocycle" coordinate and p be its conjugate momentum: 

[x,p]=i (125) 

The grade zero generators ( M^^^, J±, Jq), grade —1 generators ( U^,V^), 
grade —2 generator and the 4-th order invariant X4 of the semisimple 
part of the grade zero subalgebra are realized as follows: 

Mf,^ = i-q^pXPPiy - irj^pXPPf, Jq = - {X^'P + P X^") 

= xPn yf" = xXf" 2 ^ 

- (X^P^) {P.X-') - (P^X^) (X-'P,) 
Using the quartic invariant we define the grade +2 generator as 



It is easy to verify that the generators M^jy and Jo,± satisfy the commutation 
relations of so (d, 2) © sp (2, M) 

[Jo,J±] = ±2iJ± [J_,J+] = 4iJo 

under which coordinates X^^ and momenta P^ transform as Lorentz vectors 
and form doublets of the symplectic group Sp{2, R) : 

[Jo, n = -iv^ [J-, n = n = -2irj^^''u, 

[Jo,Up] = +iUp [J^,Up] = 2ti]p,V'' [J+,Up]=0 
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The generators in the subspace 0^05^ form a Heisenberg algebra 



[Vf',U^] = 2i6^'^K_. (130) 
Define the grade +1 generators as 

V'' = -i [V^, K+] = -i [C/^, K+] (131) 

which explicitly read as follows 

V^' = pXi" + ^x-^ (^P^X^XP + X^XPP^^ rii^^rixp 

- ^x-^ (X'' {X'P, + P,X^) + {X'P, + P.X") X'^) 

= PP,. - \x-^ {X^PxPp + PxPpX'') v^^uV^^ 
+ ^x-' [P^ {X^P, + P,X^) + {X-'P, + P,X-) P^) . 

Then one finds that the generators in Q^^®Q^'^ subspace form an isomorphic 
Heisenberg algebra 



(132) 



Commutators [fl ^jfl"*"^] close into g° as follows 

V, Uj^ = 2r]'"'Mp^ + iS"^ (Jo + A) 
U^, V"] = -2n''m^p + iS\ (Jo - A) 

where A is the generator that determines the 5-grading 



(133) 



(134) 



such that 



A = -{xp + px) 



[K- , K+] =iA [A, K±] = ±2iK± 



(135) 
(136) 



[A, U^] = -iU^ [A, V^'] = -iV^ A, f/^ 



iVu. 



A,V^ 



(137) 
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The quadratic Casimir operators of subalgebras so {d, 2), sp (2, IR)j of grade 
zero subspace and sp (2,]R)^ generated by K± and A are 

M^^M^''' = -J4 - 2 (d + 2) 
J_ J+ + J+ J_ - 2 (Jo)' = J4 + i (d + 2f (138) 
+ - i A2 = + i (d + 2)2 

Note that they all reduce to 24 modulo some additive constants. Noting 
also that 

(U^V^' + V^^U^ - y^C/^ - C/^y'^) = 2J4 + {d + 2){d + 6) (139) 

we conclude that there exists a family of degree 2 polynomials in the envelop- 
ing algebra of so {d + 2, 4) that degenerate to a c-number for the minimal 
unitary realization, in accordance with Joseph's theorem 



M^^M'^^ + Ki (j_ J+ + J+ J_ - 2 (Jo)') + 4^2 + K+K^ - ^A'^ 

- ^ («i + - 1) iy^v^' + F^C/^ - y^?7^ - iJ^V^' 



^(d + 2) (d + 2-4(Ki + K2)) 



(140) 



The quadratic Casimir of so {d + 2, 4) corresponds to the choice 2ki = 
2k2 = — 1 in (|14()j) . Hence the eigenvalue of the quadratic Casimir for the 
minimal unitary representation is equal to ^ (J + 2) (J + 6). 
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